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We present a new method for investigating the nonperturbative quantum mechanical interaction of
light with atoms in two dimensions, without a basis expansion. This enables us to investigate intense
laser-atom interactions with light of arbitrary polarization without approximation, within the model
restrictions. Results are presented for the dependence of ionization and high harmonic generation on
ellipticity seen in recent experiments. Strong evidence of stabilization in circular polarization is found.
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PACS numbers: 32.80.Fb, 32.80.Wr, 42.50.HzIn the past ten years the interaction of intense laser
light with atoms has been of great interest because of
the many novel nonperturbative phenomena that have
been observed, such as above threshold ionization (ATI),
high harmonic generation (HHG), and stabilization [1].
The strongly nonperturbative nature of all of these phe-
nomena makes theoretical analysis difficult. However,
considerable progress has been made using semianalytic
approaches and numerical methods for integrating the
Schrödinger equation. The numerical approach has been
used extensively in the past ten years, due in part to the
increase in available computing power, the lack of ap-
proximations (except for those inherent to the Schrödinger
equation, the dipole approximation, and the number of
spatial dimensions), and the rather limited applicability
of analytic approaches. Despite the success of the nu-
merical methods, most investigations have dealt only with
linearly polarized light: The reason for this is that at least
two dimensions are needed for the case of arbitrary po-
larization, so established one-dimensional approaches [2]
are inappropriate. Current three-dimensional approaches
[3–6] are unable to deal with the enormous basis set
needed to represent adequately (for arbitrary polarization)
the evolving wave function unless a parallel supercom-
puter [7] is used. The approach used by many authors
[3] to describe atomic dynamics in strong laser fields ex-
pands the atomic wave function into sums of products
of radial wave functions (channels) and angular factors.
These channels are coupled together by the very strong
laser field, and, for linear polarization, the channel cou-
plings lead to tridiagonal sparse matrices amenable to effi-
cient numerical solution. This approach entirely fails for0031-9007y97y79(23)y4550(4)$10.00polarizations other than linear, as the matrix sparseness
properties totally disappear [8]. As a result, not much
work has been carried out in the past for the general
case of atomic response in the plane of an arbitrary laser
polarization.
Recent experiments [9,10] on the very strong depen-
dence of high harmonic generation on polarization el-
lipticity demand theoretical approaches to intense field
ionization going beyond the existing methods which rely
on linear polarizations. In this Letter, we introduce a uni-
fied, fully quantum method for integrating numerically the
two-dimensional Schrödinger equation without using a re-
strictive basis expansion. This enables us to study light of
arbitrary polarization and realistic frequencies, interacting
within a two-dimensional representation of a hydrogenic
atom. New electron dynamics emerge producing unex-
pected effects in the behavior of strongly distorted atoms.
We obtain results showing how the quantum wave pack-
ets evolve under the influence of circularly polarized light,
contrast them with those obtained using linearly polarized
light, and demonstrate the existence of structure within
these packets. Fully quantum mechanical results for
ionization and high harmonic generation are presented for
circular and elliptically polarized light, showing the strong
ellipticity dependence seen in recent experiments [9,10].
We show that, in the intermediate regime between tunnel-
ing and multiphoton ionization, the ionization dependence
on ellipticity is opposite to that seen with purely tunnel-
ing dynamics; this may be critical for currently planned
experiments aimed at generating attosecond pulses.
As in all studies of this type, the starting point is the
Schrödinger equation (atomic units are used throughout):i
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Csx, y, td , (1)where Csx, y, td is the two-dimensional wave function,
fstd is the pulse envelope, and e is the ellipticity. The
second term on the right-hand side is the smoothed
Coulomb potential [2], used to avoid numerical problemsassociated with the singularity at x ­ y ­ 0 (a ­ 0.8
so that the ground state has the same binding energy as
hydrogen, i.e., 20.5 a.u.). The pulse envelope, fstd, used
here is a two-cycle linear turn-on followed by two cycles© 1997 The American Physical Society
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which ensures no residual drift motion in the free electron
displacement. The ellipticity is defined such that e ­ 0
represents linear polarization along the x-axis and e ­ 1
circular.
Equation (1) is integrated using a method analogous to
that implemented by Grobe and Eberly [11] and others
in their studies of one-dimensional two-electron systems
in which both electrons are restricted to one dimension.
In our case we consider only one electron, but with two
degrees of freedom. The core of the approach is the split
step method [12] in which the time evolution operator is
split into kinetic and potential operators. The action of
the kinetic operator is efficiently carried out in Fourier
space, while the action of the potential operator is carried
out in real space. An absorber is used to remove any
part of the wave packet reaching the boundaries, so that
artificial reflections are avoided. It is assumed that any
wave function reaching the end of the grid box represents
ionization, and so the remaining norm gives the necessary
information about the amount of ionization occurring.
This means that any population in high lying Rydberg
states may also be removed; however, this is negligible
for the parameter regime of interest here, as we have
verified by varying the box dimensions. In all the cases
presented, the initial wave function is the ground state,
found by imaginary time integration. A more detailed
discussion on various computational aspects can be found
in Ref. [11].
In Fig. 1 we show the wave packets generated
after 3.5 cycles of evolution for the previously de-
scribed pulse shape with a laser light of wavelength
526 nm (v ­ 0.0867 a.u.), i.e., the wavelength of a fre-
quency doubled Nd:YAG laser and intensity 3.51 3
1014 Wcm22 s0.01 a.u.d. For the case of linear
polarization it is clear that the wave packet is con-
centrated about the polarization axis, but there is a
non-negligible width due to transverse wave-packet
spreading. Interestingly, side lobes can be seen in the
wave packet; these are formed by a combination of the
slow transverse spreading, the relatively fast laser driven
motion in the polarization direction, and the Coulomb
attraction (rescattering).
The behavior of the wave packet created by circular
polarization is very different. The packet resembles a
spiral with modulations within the tail, formed as the
wave packet streams away from the atom down the
potential barrier in the radial direction. As well as being
interesting in their own right, the wave packets show
pictorially that the recollisions necessary for efficient
HHG can only occur for light with e ø 0 [9]. The
complex structure of the wave function in the linear
polarization case reflects the fact that rescattering from the
atomic core, according to the recollision model of HHG
[13–15], produces strong time-dependent interference
patterns in the vicinity of the atomic core, which are
responsible for much of the structure in the spectrumFIG. 1. Snapshots of the probability density taken after 3.5
cycles for (a) linear polarization and (b) circular polarization
with intensity 3.51 3 1014 Wcm22 and wavelength 526 nm.
Distances sX, Y d are shown in atomic units (a.u.).
of HHG [16]. Those interferences are absent in the
circular polarization case, as is clear from Fig. 1(b), due
to the fact that the probability of rescattering with the
atomic core is negligible. We have observed a smooth
transition from the recollision behavior, resulting from
linear polarization to the swirling tail of the circular
polarization, by integrating the wave-packet dynamics
for ellipticities ranging from 0 to 1. This fact can
be shown explicitly by investigating the dependence of
ionization and HHG spectra on ellipticity. This is shown
in Fig. 2(a) where, for a fixed intensity of 0.01 a.u., the
normalization at the end of the pulse is plotted as a
function of ellipticity [the results have been scaled such
that the normalization for the linear case (e ­ 0) equals
unity]. One has to keep in mind that, since the intensity is
kept constant for varying ellipticity, the amplitude of the
electric field in the initial (linear) polarization direction
changes. The reduced ionization in the initial direction
is compensated by the possibility of electron ejection in4551
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as a function of ellipticity for a six-cycle pulse with maxi-
mum intensity 3.51 3 1014 Wcm22 and wavelength 526 nm.
(b) Rescaled HHG spectra as a function of ellipticity for the
same laser parameters.
all other directions. The result is a net increase of total
ionization yield, especially for such high intensities that
over the barrier ionization occurs. This effect is even
greater if equal electric field amplitudes are compared
rather than equal intensities. In this case the probability
of ionization is obviously enhanced, as the electron can
escape from the atom by tunneling through or over the
barrier at any time in the direction of the instantaneous
electric field.
Clearly, for the parameters given above, we find that
as the ellipticity is increased the amount of ionization
increases by a factor of approximately 3. Past experi-
ments [17,18] have found that the threshold for ionization
is higher for circular polarization. However, these ex-
periments have been carried out in the tunneling regime,
where standard tunneling theory [19] predicts higher
ionization rates for linear polarization. The results pre-
sented here are not strictly within the tunneling regime
(due mainly to the relatively high frequency) and repre-
4552sent new behavior. In Fig. 2(b), we have used the same
parameters as in Fig. 1 (the spectra are rescaled such that
the fundamental peak is equal to one in intensity for each
ellipticity) and now find that the harmonics act as seen
in experiments [9,10]: As the ellipticity is increased, the
harmonics become less intense until no harmonics are dis-
cernible from noise. Only the first four harmonics can be
seen for e ­ 0.6, and the peaks are found to be rather
broad, indicating that they are generated on a short time
scale. In addition, there seems to be a correlation between
the ionization behavior and the ellipticity beyond which
the harmonics are destroyed: The normalization flattens
out after approximately e ­ 0.7, which is also the ellip-
ticity at which the harmonics disappear.
To highlight the very different behavior of the
ionization for various ellipticities, we have calculated the
normalization at the end of the pulse for linear and circular
polarization as a function of intensity (Fig. 3). At low
intensities we see the expected perturbative multiphoton
behavior, observed in experiment [10], which is that
linear polarization produces a greater amount of ionization
because of the selection rule restrictions on circular
polarization transitions. However, as the intensity is
increased to the critical intensity for over the barrier
ionization (about 0.005 a.u. of intensity), we observe that
the behavior changes such that circular polarization be-
comes more efficient in producing ionization; and, indeed,
for much of the intensity range shown it is at least an order
of magnitude greater. Note that the normalization curve
for linear polarization is not smooth: This was previously
observed by Pindzola and Dörr [20] and LaGattuta [21]
and assigned to ac Stark shifted resonances and threshold
effects. However, we find, as in Ref. [21], that for circular
polarization these structures do not occur, perhaps because
of the more restrictive circular dipole selection rules, at
least in the perturbative regime of intensities.
FIG. 3. Normalization as a function of peak laser intensity
for a six-cycle pulse with wavelength 526 nm, for linear and
circular polarization.
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implying that stabilization is occurring. This is in agree-
ment with calculations made by Pont and Gavrila [22]
for circular polarization using time-independent high fre-
quency Floquet theory. The lowest frequency which they
have used is v ­ 0.125 a.u., while we have found sta-
bilization, albeit not to the same degree, for a frequency
1.5 times smaller. Interestingly, for the same parameters,
linear polarization shows no signs of stabilization. This
may be due to the atom not surviving the passage through
“death valley” [23]. We are currently investigating adi-
abatic stabilization with much higher frequencies and in-
tensities, the results of which will be presented elsewhere.
In summary, we have investigated numerically, with
two-dimensional ab initio calculations, the dependence
of ionization and HHG on ellipticity. In particular, we
have found that the harmonics are destroyed by ellipti-
cal light, as seen in recent experiments [9,10]. In a pa-
rameter regime where the tunneling picture is not entirely
valid, circular polarization produces a greater amount of
ionization than linear. We have also found evidence for
stabilization in circularly polarized light, in qualitative
agreement with previous time-independent calculations.
The method we propose opens up the possibility of study-
ing fully quantum-mechanically wave-packet evolution in
time-dependent ellipticities proposed for the generation of
ultrashort pulses of harmonics [24]. As well as this ex-
citing prospect, the unified description of the strong-field
phenomena, based on the exact wave-packet dynamics
presented here, will open the way to resolve problems as-
sociated with, e.g., the accuracy of the “two-step” model
for harmonic generation, time-dependent laser polariza-
tion, control of harmonic generation in time, ionization
with elliptical light, elliptical stabilization of wave pack-
ets, angular distribution of photoelectrons in ATI, and
many other important questions in strong-field physics
that could be addressed only by approximate theoretical
models in the past.
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